The figure of the Earth can be modelled either by a cartesian plane, a sphere or an (oblate) ellipsoid, in decreasing order with respect to the approximation quality. Based on those models, we experimentally study the accuracy-performance trade-offs of various methods for some basic geodesic problems. For our experiments we use the open source libraries Boost Geometry and GeographicLib. Our results can be used as a reference for practitioners that want to use the most efficient method with respect to some given accuracy. Geodesic computations are building blocks for many higher level algorithms such as k-nearest neighbour problems, line interpolation, area and buffer, to name a few.
INTRODUCTION
The figure of the Earth can be modelled either by a cartesian plane, a sphere or an (oblate) ellipsoid, in decreasing order with respect to the approximation quality. The shortest path between two points on such a surface is called a geodesic. Studying geodesic problems on ellipsoids dates back to Newton. However, many open-source GIS systems today use spherical methods or even methods on cartesian plane. The main advantages of those approaches are simplicity of implementation and performance. On the other hand, those approaches come with a handicap: accuracy.
In this report we experimentally study the accuracy-performance trade-offs of various methods for distance computation (as well as similar geodesic problems such as azimuth and area computation). We test projections paired with cartesian computations, spherical-trigonometric computations and a number of ellipsoidal methods (Thomas, 1965) , (Thomas, 1970) formulas, (Vincenty, 1975) iterative method, great elliptic arc's method, and (Karney, 2013) series approximation. For our experiments we use the open source libraries Boost Geometry (Gehrels et al., 2019) and GeographicLib (Karney, 2017) .
Our results are of independent interest and can be used as a reference for practitioners that want to use the most efficient method with respect to some given accuracy.
Geodesic computations (such as distance computations) apart from being a fundamental problem in computational geometry and geography/geodesy are also building blocks for many higher level algorithms such as k-nearest neighbour problems, line interpolation, densification of geometries, area and buffer, to name a few. In section 4 we provide some examples for area and distance between a point and a segment.
GEODESIC ALGORITHMS
There are two main problems in geodesics:
• Direct problem: given φ1, s12, α1, compute φ2, λ12, α2.
• Inverse problem: given φ1, φ2, λ12, compute s12, α1, α2.
We denote λ, φ, α, s the longitude, latitude, azimuth and distance on ellipsoid respectively; λ1 is the longitude of first point, s12 the distance between the first and the second point etc.
We consider the following methods for approximating the solutions of the geodesic problems.
1. Flat earth approximation (Williams, 2012) 2. Spherical approximation (haversine formula) 3. Andoyer-Lambert first order solutions (Thomas, 1965) 4. (Andoyer-Lambert)-Thomas second order solutions (Thomas, 1970) 5. Vincenty's iterative method (Vincenty, 1975) 6. Karney's iterative method (Karney, 2013) Apart from the methods above there is a variety of methods based on numerical integration e.g. (Sjöberg , Shirazian, 2012) , (Panou et al., 2013) which are not considered in this report.
We also test great elliptic arc methods 1 . It was found to have both performance and accuracy between the corresponding performance and accuracy of method 3 and 4 and thus the details are not included here.
BENCHMARKS
We run experiments to evaluate the accuracy and performance of the methods under consideration. We use the dataset (Karney, 2010). It is computed with GeographicLib (Karney, 2017) using high precision arithmetic for the WGS84 ellipsoid; i.e. the ellipsoid of revolution with equatorial radius a = 6378137m and flattening f = 1/298.257223563.
Experiments run on an Intel(R) Core(TM) i5-5300U CPU @ 2.30GHz with gcc 7.4. We test methods 1 -5 as in Boost. Geometry (Gehrels et al., 2019) and method 6 from GeographicLib (Karney, 2017 We compute the maximum absolute error for distance (in meters) and azimuth (in degrees). All computations are performed with double arithmetic. More details about computations are in this wiki 2 .
Regarding performance Table 2 shows that method 3 is around 2× faster than method 4 which is around 2× faster than method 5, which is around 3× faster than method 6.
For testing accuracy we use a subset of the dataset (Karney, 2010 ) that contains 1. 100000 geodesics uniform distributed in the ellipsoid and 2. 50000 short geodesics (of length less than 10 km). Figure 1 and Table 1 show that for long geodesics (case 1 above) the faster the method is the lower the accuracy obtained. For geodesics with endpoints far from antipodal (geodesics of length less than 19500km) methods 2-6 have accuracy 21km, 811m, 48m, 78µm, 7nm respectively. Method 1 has very low accuracy and could be only useful for very short distance and only in specific areas on the ellipsoid, e.g. for the distance between point(10, 10) and point(10.1, 10.002) it obtains cm accuracy.
The only method that is accurate (nm accuracy) for geodesics that has endpoints nearly antipodal is method 6. For that method we also illustrate the accuracy obtained for different orders of series approximation (order 3,4,5,6) . Even for order 3 that method is more accurate than method 5. When it is not explicitly referred in the text the order used is 6. Figure 1 shows similar results for azimuth computation with the main difference be the case of short geodesics where the accuracy of all methods is considerably lower than the case foe distance computation.
APPLICATIONS
The two main geodesic problems are the core procedures for many other geodesic computations. 
Area of a polygon
We test the accuracy of area computation using the methods 3 -6 as core procedures. The algorithm for area computation is described in (Karney, 2013) . We also consider the following projections followed by a cartesian area computation. laea Lambert Azimuthal Equal Area https://proj4.org/operations/projections/laea. html Figure 3 . The maximum absolute area error as a function of distance
Point-segment distance
The main two procedures for computing the distance between a point and a segment on an ellipsoid are the solutions of the direct and the inverse geodesic problems. 
